This paper shows how, under plausible conditions, the transitional dynamics in a two-sector R&D-based non-scale growth model are represented by a two-dimensional stable saddlepath, thus enriching the transitional adjustment paths relative to that of the standard two-sector endogenous growth model. The transition speed itself is variable both through time and across sectors. Capital and knowledge grow at very di!erent rates, consistent with the empirical evidence. Numerical simulations are used to characterize the transition paths in response to a range of speci"c shocks. In some cases, capital or knowledge may overshoot their respective long-run responses, during the transitional dynamics.
Introduction
Transitional dynamics are at the heart of the recent convergence debate. If, and at what rate, countries converge to their respective equilibrium growth paths is intimately tied to the transition behavior of the key determinants of Non-scale refers to the characteristic that variations in the size or scale of the economy do not permanently alter its long-run equilibrium growth rate. For example, R&D-based growth models that follow Romer (1990) are scale models since they imply that an increase in the level of resources devoted to R&D should increase the growth rate proportionately; see Jones (1995b) . Mulligan and Sala-i-Martin (1993) established a slightly weaker condition for balanced growth for a Lucas type endogenous growth model. economic growth: capital accumulation, technological change, and the growth of e!ective labor. The existing literature on convergence addresses this issue using models, such as the one-sector neoclassical model or the two-sector AK endogenous growth model, in which the transitional adjustment locus is one dimensional. In such models, all variables converge at the same constant rate, a consequence of which is that authors emphasize only capital accumulation and its constant speed of convergence during the transition. Only to avoid estimates of excessively high capital shares did Mankiw et al. (1992) introduce human capital to the analysis.
But to assume that the transition of all factors occurs at identical and constant rates is an excessively restrictive assumption. It is more realistic and general to allow factors to converge at di!erential speeds throughout the transition. There is, in fact, robust evidence by Dowrick and Nguyen (1989) and Bernard and Jones (1996b) that suggests that the characteristics of technology during transition are distinctly di!erent from those of capital accumulation.
In this paper we examine the transitional dynamics of a two-sector non-scale growth model that incorporates the endogenous accumulation of technology and capital, in an economy with exogenous population growth. The model has several appealing features. As in Mankiw et al. (1992) equilibrium growth rates are independent of the size (scale) of the economy, and hence our model also predicts conditional convergence. Indeed, the invariance of long-run growth rates with respect to scale is supported by empirical evidence for OECD countries (Jones, 1995a) as well as for the United States (Backus et al., 1992) . Also, in contrast to the previous one-sector neoclassical and two-sector endogenous growth models, the transitional dynamics are now generated by more #exible paths, thus permitting technology to evolve independently of the time paths of capital and labor, again consistent with the empirical evidence cited above.
One further advantage of the non-scale model is that very general production structures are compatible with balanced growth paths. Previous models of endogenous growth require production functions to exhibit constant returns to scale in all accumulated factors to ensure balanced growth. This strong requirement, which imposes a strict knife-edge restriction on the production structure, has been the source of criticism; see Solow (1994) . If the knife-edge restriction that generates traditional endogenous growth models is not imposed, then any stable balanced growth equilibrium is characterized by the absence of scale Arnold (1998) obtains a third-order dynamic system by treating the value of consumption expenditure as numeraire, thereby holding the shadow value of wealth constant.
Strictly speaking, this remark refers to the speed of convergence of the linearized system, which is what most studies consider. The true speed of adjustment of a "rst-order non-linear system will in general be time-varying. Benhabib and Perli (1994) show how an extension of the Lucas model to include endogenous labor and labor externalities may generate a third-order dynamic system having two stable roots. This will give rise to a two-dimenional stable adjustment path, that is associated with multiple equilibria, in contrast to the non-scale model in which the equilibrium is generally found to be unique. e!ects. From this standpoint, non-scale growth equilibria should be viewed as being the norm, rather than the exception, and consequently it is even more important that their dynamic properties be characterized.
Examples of non-scale models have been introduced by Jones (1995a) , Segerstrom (1998) and Young (1998) . Eicher and Turnovsky (1999) have provided a comprehensive framework to allow for a general characterization of non-scale balanced growth equilibria in two-sector models. But no comprehensive analysis of the transitional dynamics of this class of models exists. This constitutes a severe limitation to our understanding of the steady-state behavior, since without an understanding of the underlying dynamics, it is by no means clear that the economy will reach its equilibrium. Furthermore, even if the system is stable, the relevance of the steady-state balanced growth path depends upon how rapidly key variables converge to their respective steady states along the transitional path. Jones (1995b) sketched the transitional dynamics of a simpli-"ed two-sector non-scale economy. To reduce the dimensionality of his system, however, he assumed that sectoral labor allocation and investment rates are exogenous constant. A complete analysis requires that these variables be endogenously determined as part of the dynamic equilibrium. This is done in our investigation below, where we "nd dramatic (qualitative) variation of the sectoral allocation of labor during the transition, this being a re#ection of the complexity of the transitional path, itself.
Our analysis of the dynamics reveals that the progression from simple endogenous to non-scale growth models raises its dimensionality. Bond et al. (1996) proved that the dynamics of the two-sector Lucas (1988) model can be expressed as a third-order system, having a single stable root and a onedimensional stable manifold. In this case all variables converge to their respective steady-state equilibria at identical and constant rates; the economy possesses a unique speed of convergence. By contrast, we show that the dynamics of the two-sector non-scale models lead to a fourth-order system in appropriately scaled variables. A saddlepath stable system now has two negative eigenvalues, so that the stable manifold is a two-dimensional locus.
The empirical evidence on the constancy of convergence rates is mixed. Barro and Sala-i-Martin (1995) , who abstract from technological change, can reject constancy for Japan, but not for the US or Europe. Nevertheless, all reported rates of convergence (0.4}3%, 0.4}6%, and 0.7}3.4% for Japan, the US, and Europe respectively) are similar in the range that our non-scale model generates.
This contrasts with overshooting familiar from the one-dimensional transitional path, which always occurs only on impact with the arrival of new information and is therefore not generated by the system's internal dynamics.
The existence of two-dimensional transition paths introduces important new characteristics to the transition. First, in contrast to the Lucas, AK, or onesector neoclassical models, the transition no longer occurs at a constant speed. Instead, two-dimensional manifolds imply that the convergence speeds will vary through time and across variables, often dramatically so, hereby introducing important #exibility to the transitional dynamics. Furthermore, the characteristics of the respective transition paths di!er for all endogenous variables. Indeed, one of the key "ndings is that capital and knowledge will grow at very di!erent rates throughout the transition. The implication for empirical research is then that the dynamic properties of two-sector non-scale models may thus address the concerns of Bernard and Jones (1996a,b) , since our analysis produces neither common transition paths and rates of convergence, nor common stationary growth rates for all variables.
To obtain a qualitative impression about the transition, we calibrate the two-sector non-scale model. For completeness, we report three adjustment speeds. First, we plot the time pro"les of capital, technology, and output, in order to highlight di!erences in their transition paths and in their speeds and direction of adjustment. Our calibration results document the wide range of transitional adjustment paths that may result. We show that a necessary condition for monotonic transitions is that the steady-state levels of both variables change in the same direction (i.e., both capital and knowledge increase or decrease). But even if both variables converge monotonically, this does not imply that their speeds of adjustment are either constant or identical. Especially interesting are non-monotonic paths that involve &overshooting', in that variables along their transition paths exceed their new long-run equilibrium value. For example, a shock may induce a transition during the initial stages of which the economy decumulates more than the necessary amount of some quantity. The excessive decumulation subsequently requires an accumulation of that quantity during the "nal stages of transition.
Another interesting, but seemingly underappreciated, consequence of the two-dimensional transitional path is that it implies a potentially asymmetric adjustment with respect to positive and negative shocks of equal magnitude. In the familiar case of the one-dimensional stable manifold, the transitional adjustment to a negative shock is just the mirror image to that of the corresponding We use the term`social stocksa to refer to the amalgam of private stocks and those representing possible social spillovers. This allows us to specify decreasing, constant, or increasing returns to scale without having to worry about issues pertaining to market structure. As in Mulligan and Sala-iMartin (1993) , the elasticities derived from (1b) refer to the sum of private and social elasticities. positive shock. That is not necessarily the case here. We will present an example where a positive productivity shock in the technology sector leads to a monotonic adjustment in both capital and technology, whereas a subsequent reversal of that shock may be associated with highly non-monotonic behavior.
The rest of the paper is organized as follows. Section 2 presents a two-sector model of economic growth. The two sectors we consider are output and a knowledge-producing sector, also referred to as technology and R&D. We begin by deriving the equilibrium conditions and brie#y characterizing the balanced growth path. Section 3 lays out the model's formal dynamic structure. Because a complete formal analysis of the fourth-order system is virtually intractable, our analysis relies on numerical calibration methods, the results of which are presented in Section 4. In that section we "rst identify a plausible benchmark set of parameter values. We then proceed to examine the dynamic adjustment of the economy to various kinds of shocks and structural changes, such as variations in the sectoral productivity parameters, returns to scale, preference parameters, as well as population growth.
A two-sector non-scale economy
We begin by outlining the structure of a two-sector non-scale model that features exogenous population growth and endogenously capital and technology. The properties of this base model have been discussed extensively in Eicher and Turnovsky (1999) and so our discussion can be brief, focusing only on those aspects that are most relevant to the dynamics.
We focus on a centrally planned economy and use social production functions, in which externalities are internalized. The population, N, is assumed to grow at the steady rate N Q /N"n. The economy produces "nal output, >, and new technology, A, utilizing the social stocks of technology, labor, and physical capital, K, according to the Cobb}Douglas production functions:
where $ , ( represent exogenous technological shift factors to the production functions and is the fraction of labor employed in the "nal good sector, G , G are the productive elasticities, and represents the rate of depreciation of This technology is somewhat more general than Jones (1995) , who speci"es " ,
, . Eicher and Turnovsky (1999) discuss the balanced-growth characteristics of a general two-sector technology, in which capital enters the production function of new knowledge. The Romer model corresponds to the case " , "1! ) , , " "1. Eicher and Turnovsky (1999) abstract from physical depreciation. We introduce it here, since it is quite important for the purposes of numerical calibration and simulation. The structure along the lines (1b)}(1d) was originally investigated within a traditional Ramsey framework by Shell (1967). technology. Physical capital accumulates residually, after aggregate consumption, C, and depreciation needs, ) K, have been met
The planner's problem is to maximize the intertemporal utility of the representative agent:
where C/N denotes per capita consumption, subject to the production and accumulation constraints, (1a)}(1c), and the usual initial conditions. His decision variables are: (i) the rate of per capita consumption, C; (ii) the sectoral allocation of labor, ; (iii) the rates of accumulation of physical capital and technology. The optimality and transversality conditions to this central planning problem can be summarized as follows:
,
where J, ( AE [(1! )N]E , and , are the respective shadow values of physical capital and knowledge. These conditions are standard and have been discussed in Eicher and Turnovsky (1999) .
Balanced growth equilibrium
Before examining the dynamics, we characterize the balanced growth equilibrium. This is de"ned to be a growth path along which all variables grow at constant, but possibly di!erent, rates. In accordance with the stylized empirical facts (Romer, 1989) , we assume that the output/capital ratio, >/K, is constant. A key feature of the non-scale model is that the equilibrium percentage growth rates of technology and capital, AK and K K respectively, are determined entirely by production conditions. Taking the di!erentials of the production functions (1a) and (1b), and solving, we obtain:
and thus the per capita growth rate of output (capital) is
It is evident from (3a) and (3b) that the magnitude of the relative sectoral growth rates depend upon the assumed production elasticities in conjunction with the population growth rate. Eq. (3c) implies that countries converge to identical output per capita growth rates if either their production technologies are identical, or their production functions exhibit constant returns to scale. If production technologies di!er across countries, growth rates exhibit conditional convergence. Jones (1995a) speci"es output to be constant returns to scale in physical capital and knowledge-adjusted labor, AN. The striking feature of the equilibrium growth rate in the Jones model is that per capita consumption, per capita output and capital, and technology all grow at a common rate determined by: (i) the growth rate of labor, and (ii) the elasticities of labor and knowledge in the knowledge-producing sector alone. Any characteristic of the "nal output sector is irrelevant. This contrasts with the determination of per capita output (capital) growth rates in (3c), which in general depend upon the technological parameters in both sectors. It contrasts even more sharply with the general production function considered by Eicher and Turnovsky (1999) , in which case the growth rate of technology also depends upon output elasticities. The fact that (3c) implies that the per capita growth rate of output in general depends upon the population growth rate is somewhat controversial. Jones (1995a) provides an extensive discussion of the relevance of this class of growth model, in light of the mixed evidence on the correlation between population growth and output growth (see, e.g. Barro and Sala-i-Martin, 1995) . He emphasizes that this aspect of the model, which is a direct consequence of non-constant returns to scale, relies foremost on the creation of new technology, and on the growth of e!ective researchers. A zero e!ect of population on output growth is consistent with either (i) increasing returns to scale in one sector, o!set by appropriate decreasing returns to scale in the other; or (ii) constant returns Under constant returns to scale these scale-adjusted quantities are just regular per capita quantities.
to scale in both sectors. In particular, scale models of growth attain non-zero growth in the absence of population growth by imposing constant returns to scale in the accumulated factors, K and A. Thus AK or Lucas}Romer type growth models require the knife-edge assumption that "1, and # ) "1. Finally, the possibly di!erential equilibrium growth rates of physical capital and knowledge are re#ected in the growth rates of their respective shadow values, , , which, using the optimality conditions (2), can be shown to grow in accordance with
Dynamics of a two-sector model
To derive the dynamics about the balanced growth path we de"ne the following stationary variables: y,>/N@); k,K/N@); c,C/N@); a,A/N@; j,J/N@); q, / N @\@) . For convenience, we shall refer to y, k, c, and a as scale-adjusted quantities. This allows us to rewrite scale-adjusted output and technology as
The optimality conditions then enable the dynamics to be expressed in terms of these scale-adjusted variables, as follows. First, the labor allocation condition (2b) can be expressed in the form
enabling us to solve for the fraction of labor allocated to output:
Intuitively, an increase in the relative value of capital attracts labor to the output (capital-producing) sector. An increase in the stock of physical capital raises the productivity of labor in producing "nal output and thus also attracts labor to that sector. By contrast, an increase in technology, being an input in both sectors, will raise the productivity of labor in both sectors and cause a net shift in employment toward the sector in which knowledge has the greater production elasticity (is more productive).
The shadow values of capital and technology, determined by (2c) and (2d), can be expressed as
Taking the time derivative of (2a) and combining with (6a), the growth rate of aggregate consumption is given by
Using these "rst-order conditions the dynamic system can be expressed in terms of the rede"ned stationary variables by
where is determined by (5). To the extent that we are interested in the per capita growth rates of capital and knowledge, they are given by K Q /K" kQ /k#( ) !1)n; A Q /A"a /a#( !1)n. The steady state to this system, denoted by`&a superscripts, can be summarized by
)
together with the two production functions (4a) and (4b), and the labor allocation condition (5). These seven equations determine the steady-state equilibrium in the following sequential manner. First, (8d) determines the output}capital ratio, so that the long-run net return to capital equals the rate of return on consumption. Notice that the elasticity raises or lowers the long-run output}capital ratio depending upon whether ) I1. If the production function J has constant returns to scale, y /kI is independent of the production elasticities, , , , of the knowledge-producing sector. Likewise, (8b) yields the gross equilibrium growth rate of knowledge, jI /a "JI /A I , in terms of the returns to scale, , and the rates of population growth and depreciation. Having obtained the output}capital ratio, (8a) determines the consumption}capital ratio consistent with the growth rate of capital necessary to equip the growing labor force and replace depreciation. Given y /kI and jI /a , (8c) implies the sectoral allocation of labor, I , at which the rates of return to investing in the two sectors are equalized.
Given I and jI /a , the production function for knowledge determines the stock of knowledge, a , while the production function for output then yields the stock of capital, kI . Finally, having derived I , a , kI , the labor allocation condition determines the long-run equilibrium relative shadow value of the two assets, q .
Linearizing around the steady state denoted by kI , a , q , c , the dynamics may be approximated by the following fourth-order system:
where we de"ne
The characteristic equation for the linearized system (4) is of the form: # # # # "0, where G are functions of the elements of a GH of the matrix in (4). The determinantal condition (i) implies '0, while the dynamic e$ciency condition (ii) implies (0. By Descartes rule of signs, necessary and su$cient conditions for the characteristic equation to have just two positive roots is that either (0 or '0. Conditions (ii) and (iii) noted above are examples of conditions that ensure (0 and other more general, but more complicated conditions can also be found. In addition, conditions that su$ce to ensure '0 can also be obtained.
It is readily shown that the determinant of this matrix is proportional to ( !1)( ) !1). Imposing the condition ) (1, (1 implies that the determinant is positive which means that it has either 0, 2, or 4 positive roots. The dynamic e$ciency condition, (i) *F/*K, ) (y /kI )' ) n, rules out the "rst case. Unfortunately, due to the complexity of the system, we cannot "nd as general a condition to rule out the case of 4 unstable roots. However, the conditions (ii) 51, (iii) I 41/(1# ) are two simple and plausible restrictions that su$ce to eliminate the third case of explosive growth. These conditions are met by our simulations and indeed, in all of the many simulations carried out over a wide range of parameter sets, 2 positive roots were always obtained. Thus since the system features two state variables, k and a, and two jump variables c, and q, we are con"dent that equilibrium is characterized by a unique stable saddlepath.
The fact that all our simulations are associated with unique stable saddlepaths does not rule out the possibility of more complex dynamic behavior for other, less plausible, parameter values. The contrast between the stable twodimensional dynamic path in our model with that associated with endogenous labor supply and externalities in the Benhabib and Perli (1994) model is that ours is associated with a fourth-order dynamic system, whereas theirs arises from a third-order system. In our case there are two jump variables associated with two unstable roots, thereby generating unique saddlepoint behavior. In their case, there are two jump variables, associated with only one unstable root, thereby giving rise to a mulitplicity of equilibria.
Characterization of transitional dynamics
Henceforth, we assume that the stability properties are ensured so that we can denote the two stable roots by , , with ( (0. The key variables of interest are physical capital, and technology. The generic form of the stable solution for these variables is given by
where B , B are constants and the vector (1, G , G , G ), i"1, 2 (where the prime denotes vector transpose) is the normalized eigenvector associated with the stable eigenvalue, G . The constants, B , B , appearing in solution (10) are obtained from initial conditions, and depend upon the speci"c shocks. Thus suppose that the economy starts out with given initial stocks of capital and knowledge, k , a and through some policy shock converges to kI , a . Setting t"0 in (10a), (10b) and letting dkI ,kI !k , da ,a !a , B , B are given by
In studying the dynamics, we are interested in characterizing the slope along the transitional path in a!k space. In general, this is given by da dk
and is time varying. Note that since 0' ' , as tPR this converges to the new steady state along the direction (da/dk) R " , for all shocks. The initial direction of motion is obtained by setting t"0 in (12) and depends upon the source of the shock.
It is convenient to express the dynamics of the state variables in phase-space form:
By construction, the trace of the matrix in (13)" # (0 and the determinant " '0, so that (13) describes a stable node. The dynamics expressed
Note that the representation of the transitional dynamics in k}a space takes full account of the feedbacks arising from the jump variables, q and c; these are incorporated in the two eigenvalues. in (10) and (13) are in terms of the scale adjusted quantities, from which the growth rates of per capita capital and knowledge can be derived.
Eqs. (10a) and (10b) highlight the fact that with the transition path in k and a being governed by two stable eigenvalues, the speeds of adjustment for capital and knowledge are neither constant nor equal over time. In addition, with output being determined by capital and technology, the transition of output is also not constant over time, but a simple composite of the transition characteristics of a and k as determined in (13). Fig. 1 illustrates the phase diagram in the case that prevailed in all of our simulations where the a "0, kQ "0 loci are both upward sloping, with the latter having the steeper slope. The intuition for these relationships is as follows. An increase in k induces a shift in labor from knowledge production to "nal output production. This reduces the output of new knowledge which requires an increase in a for long-run equilibrium in the knowledge-production sector to prevail; thus the upward-sloping a "0 locus. The increase in k reduces the In a converging economy this measure is positive. A negative value implies divergence. Because of the nonlinear stable adjustment path it is possible for x(t) to overshoot its long-run equilibrium, x , during the transition. If that occurs, then at the point of overshooting, the speed of convergence will become in"nite (positively or negatively, depending upon the direction of motion). Examples of this are provided in Figs. 3 and 4. marginal physical product of capital, and therefore output, although the increase in employment is o!setting. For plausible values of )
, the former e!ect dominates requiring an increase in a for equilibrium in the output market to prevail; thus the upward-sloping kQ "0 locus. Moreover, for plausible values, the e!ect through the productivity of capital prevails, in which case the kQ "0 implies the steeper locus, as in our simulations.
Various transition paths are illustrated, indicating the distinct possibilities of overshooting. If we start in region I or III, both capital and technology converge monotonically, which implies that the transition path for output is also monotonic. Note that this does not imply that the speeds of adjustment are either constant or identical for capital and technology, Hence the speed of transition of output also varies over time. If we start from points A or C (B or D) it is clear that technology (capital) overshoots its long-run equilibrium level during transition. This leads to strong variations in the rates of growth of technology (capital) during the transition, featuring both above and below long-run growth rates during the adjustment. The asymmetry of the transitional paths to positive and negative shocks occurs if the positive shock occurs when the economy starts from a point in Region I, relative to the new equilibrium, while the reverse negative shock starts if the new equilibrium is in Region relative to the original equilibrium. Examples of this are provided in Figs. 5 and 6.
As noted at the outset, a key issue concerns the speed of convergence; see Barro and Sala-i-Martin (1992) and Ortigueira and Santos (1997) . In previous growth models, in which all variables moved in proportion to one another, the associated unique stable eigenvalue su$ced to characterize the transition. With two stable roots 0' ' , say, the speeds of adjustment change over time, although asymptotically all scale-adjusted variables converge to their respective equilibrium at the rate of the slower growing eigenvalue, ! . In particular, since scale-adjusted output is determined by capital and technology and the proportion of labor allocated to manufacturing during the transition, its convergence speed is also not constant over time, but is a composite of the others.
In general, we de"ne the speed of convergence at time t, of a variable x say, as
where x is the equilibrium balanced growth path, which may or may not be stationary, depending upon the speci"c variable. In the case where x is
We have conducted extensive sensitivity analysis and found that our results reported below are remarkably robust to changes in the underlying parameters. constant or follows a steady growth path and the stable manifold is one dimensional, this measure equals the magnitude of the unique stable eigenvalue (see Ortigueira and Santos, 1997 ). But we are primarily interested in the convergence speeds of per capita quantities, in particular, per capita output and technology, >/N and A/N, which in steady-state equilibrium grow at the rates ( ) !1)n, and ( !1)n. As usual in endogenous growth models this implies that per capita variables are non-stationary unless both sectors exhibit overall constant returns to scale. Applying the measure (14) to either per capita variable, we "nd 7,
This has the same time pro"le as does scale-adjusted output, except that its speed of convergence has to be adjusted by the growth rate of per capita output. Asymptotically, 7, (t) converges to its steady-state growth path at the rate ! !( ) !1)n. Thus, per capita output, >/N, will converge slower, or faster than does scale-adjusted output, y, depending upon whether the equilibrium balanced growth rate of per capita output is positive or negative. This in turn depends upon returns to scale. Moreover, although scale-adjusted capital and knowledge both converge asymptotically at the same rate, ! , their corresponding per-capita quantities, K/N, A/N, converge to their respective nonstationary growing equilibrium paths at the di!erential rates ! !( ) !1)n, ! !( !1)n, respectively.
Numerical analysis of transitional paths
To obtain an idea of the transition characteristics in response to various types of shocks, we turn now to some numerical simulations. First we establish that for plausible parameter values, the simulated economy replicates key variables of actual economies reasonably well. Then we focus on transition time paths of the technology and capital to highlight their distinct di!erences from previous models of endogenous growth. Table 2 Benchmark equilibrium values See, for example, Prescott (1986) , Lucas (1988) , Ortigueira and Santos (1997) , and Jones (1995b).
The empirical literature on research functions is sparse, especially if one requires separate elasticities for labor and technology. Adams (1990) and Caballero and Ja!ee (1993) are examples of thorough empirical investigations that are ultimately unsuccessful in reporting separate elasticities for labor and technology. Kortum (1993) derives values of about 0.2 by extrapolating results from aggregate patent data. Jones and Williams (1995) obtain estimates between 0.5 and 0.75, these however, are a function of their assumed rate of growth and the assumed share of technology in research. Table 1 shows that the values we employ for our fundamental parameters are essentially identical to those used in previous calibration exercises. The "nal goods sector exhibits constant returns to scale in capital and labor, but increasing returns to scale with the inclusion of knowledge. The technology sector is subject to mildly increasing returns to scale in labor and knowledge. These assumptions are made so as to obtain a plausible equilibrium per capita output growth rate. Several parameters, such as the rate of time preference and labor growth rate, have a time dimension. In this case the chosen parameters are in annual rates so that the time unit in the simulations represents one year.
Benchmark economy
We group the resulting endogenous variables into three categories. The balanced per capita growth rates of capital (output), and technology; key equilibrium ratios, including the output}capital ratio, the share of consumption in output, and the share of labor employed in the output sector; the convergence speeds of per capita capital (output) and technology. All turn out to be remarkably plausible as shown in Table 2 and extensive sensitivity analysis carried out prove our results are robust across alternative parameter sets.
Given that the elasticities of labor and capital in output are commonly assumed to be around 0.6 and 0.3, respectively, higher per capita growth rates would require greater technology spillovers in production or greater returns to scale in technology. The evidence does not seem to provide su$cient support for either. Alternatively, the long-run growth rate of output may be raised by introducing capital into the production of knowledge. However, the intersectoral allocation of capital (along with labor) complicates the dynamics further, without adding insight.
Non-scale growth alone is not su$cient to generate realistic speeds of convergence. The one-sector non-scale model can be conveniently parameterized by setting "0, V "0, x"A, N, K. Its rate of convergence can also be shown to be excessively high, at about 10% p.a. for the benchmark parameter set.
Given the larger increasing returns in the "nal good sector, the growth rate of capital and output of exceeds that of technology, with per capita output growing at nearly 1%, and per capita knowledge at 0.3%. The capital}output ratio is approximately 3.5, while around 74% of output is devoted to consumption. Approximately 94% of the work force is employed in the output sector, with the balance of 6% employed in producing knowledge. Most importantly, the larger of the two stable eigenvalues, , implies that per capita output converges asymptotically at an annual rate of nearly 2%, consistent with the empirical evidence. The slower per capita growth of knowledge implies that per capita knowledge converges at a faster rate of nearly 2.6%.
We turn now to the numerical analysis of the transitional paths. We seek to provide examples of the non-constant and di!erential rates of convergence of capital and technology, and of the two}dimensional saddlepath. Speci"cally, we provide examples highlighting how such paths allow the economy to overshoot its long-run equilibrium during the transition, an aspect that has not been documented in previous growth models. In addition, the calibration exercise provides examples of the distinct shapes of the transition paths that the model incorporates (as seen in Fig. 1 ). The best way to highlight these characteristics is to examine the response of the economy to productivity shocks in both the "nal good and knowledge-producing sector and contrast each transition with the e!ects on the economy that would result from a change in the returns to scale.
Productivity shocks
The long-run e!ects of exogenous changes in the productivity of the "nal output sector and the knowledge-producing sector, as described by changes in the exogenous productivity parameters $ , ( , are summarized in Table 3 , while Figs. 2}6 illustrate the corresponding transitional dynamic adjustments.
This table highlights the non-scale character of the model. None of the key economic variables reported in the table are a!ected by changes in the productivity parameters, $ or ( , alone. This is in sharp contrast with AK endogenous models in which these parameters are crucial determinants of the equilibrium growth rate. In the present model, for long-run changes in the equilibrium variables to occur, we require changes in the fundamental parameters of the model, such as intertemporal elasticity of substitution, the rate of time preference, the growth rate of the labor force, or production elasticities. An increase in the rate of time preference, for example, causes a shift in equilibrium employment away from knowledge production and investment toward consumption. Being a demand shock, the equilibrium growth rates remain una!ected. By contrast, an increase in the growth rate of population causes a shift in employment from "nal output to the knowledge-producing sector, leading to a reduction in employment. Given increasing returns to scale, this raises the long-run per capita growth rate. 
Productivity increase in xnal goods sector
The e!ects of an increase in productivity in the "nal goods sector, with alternative accompanying shocks, are reported in the "rst four rows of Table 3. Figs. 2}4 provide a visual characterization of the resulting transition. These include: (i) the phase diagram of the scale-adjusted state variables, k and a, (ii) the speeds of adjustment and (iii) growth rates of per capita capital, output, and technology, (iv) the time pro"le of the percentage allocation of labor to "nal output production. The transition paths turn out to be remarkably diverse across these changes in parameters, thus highlighting an additional, crucial di!erence between steady states and transitions in the non-scale model.
The dynamic adjustment to a simple increase in the productivity in the "nal sector ( $ "1 to $ "2) is illustrated in Figs. 2a}e. The only long-run e!ect of this shock is to raise kI and y proportionately. Everything else, including The constancy of a across steady states is a consequence of the assumption that the production function of knowledge is independent of capital. the long-run scale-adjusted stock of knowledge, a , remain unchanged. The transition path in Fig. 2a is thus an example of the path described by the transition from (A) in Fig. 1 .
The intuition to the transition path is as follows. The initial direct impact of the increase in the productivity of the output sector is to attract resources to that sector, including labor. There is however, a second contemporaneous e!ect. The long-run increase in the stock of capital, with knowledge unchanged lowers its long-run shadow value, q, and given the forward-looking behavior of the model, the short-run value of q declines as well. This reduces the relative productivity of labor in "nal output production, thereby having an o!setting e!ect on employment and attracting it away from that sector. For our chosen set of parameter values this negative e!ect on dominates, so that initially, and seemingly paradoxically, an increase in productivity in the "nal output sector actually leads to an initial decline in employment in that sector, see Fig. 2b .
The phase diagram, Fig. 2a , shows that initially, the increase in productivity of the output sector attracts resources to that sector, and away from the knowledge-producing sector. The scale-adjusted capital stock begins to accumulate and is accompanied by a reduction in the scale-adjusted knowledge due to the fact that its per capita rate of accumulation is insu$cient to cover the depreciation rate and population growth rate (Fig. 2d) . Fig. 2c shows that per capita output and capital growth rates rise dramatically to about 10% during the early stages, after which they fall rapidly toward their long-run steady state of just under 1%. Within 10 periods the growth rate of capital is reduced to around 4%, while that of output is just 2%. Output growth thus adjusts faster than capital growth. Technology growth has a very di!erent pattern. After its initial decline, technology growth overshoots its long-run growth rate. This is because the rapid increase in capital together with the reduction in knowledge during the early stages eventually raises the relative return on investing in knowledge su$ciently, relative to the return on capital.
The nonlinear transitional path for labor allocation mirrors the adjustment paths in capital and knowledge. We have already noted the initial decline in labor employed in "nal output. The initial accumulation of capital attracts more labor to the "nal output sector. In addition, under the assumption ( , the initial decline in knowledge further serves to drive labor from the knowledgeproducing sector to the "nal output sector. Both these in#uences therefore serve to reverse the initial migration of labor from the "nal output sector and so initially increases rapidly, as illustrated in Fig. 2b . Over time, as the growth rate of capital declines and the decline of knowledge is reversed, this migration of labor toward "nal output is reversed and begins to decline again. In the "nal phases, as the magnitude of the overshooting of knowledge declines, the impact of the higher capital stock on labor prevails and during the latter phases gradually increases back to its unchanged long-run equilibrium level. The asymptotic speeds of convergence of per capita output and technology are indicated in the last two columns in Table 3 . Their values are very much within the empirically observed range, and the asymptotic convergence speeds vary little in our sensitivity analysis. Only an increase in the rate of population growth raises the speed signi"cantly. Doubling the rate of time preference of increasing the intertemporal elasticity of substitution by 50% have only minor e!ects on the convergence speed. However, the transition is nonlinear across variables and over time. For this reason we report the time pro"le of the convergence speeds. In the case where only the productivity in the "nal sector increases, output remains above its asymptotic speed for a signi"cant period of time, while technology, while "rst diverging, recovers much faster.
Figs. 3 and 4 illustrate the transitional dynamics in cases where the productivity increase in $ is accompanied by (i) an increase in the intertemporal elasticity of substitution, from 1 to 1.5, an (ii) an increase in the population growth rate from 1.5 to 2.5%, respectively. In the "rst case, most aspects of the transition are broadly similar to those illustrated in Fig. 2 , in which was unchanged. There is, however, one di!erence. The higher rate of return to consumption, and the resulting increase in steady-state consumption, leads to less expansion in the long-run capital stock and prevents the stock of knowledge from being restored to its original level. Accordingly, during the transition, a(t), actually overshoots its new steady-state equilibrium. This occurs after approximately 15 years. At that time a(t)"a , and the corresponding speed of convergence of technology, a(t), at that instant as given by (14) becomes in"nite; see Eq. (14) . Immediately after passing through that point, while still declining, a(t) is diverging at an in"nite rate, though ultimately this is reversed, and eventually it converges at its asymptotic rate of 2.38%. But it is this overshooting that accounts for the singularity observed in Fig. 1e .
The case where the increase in productivity is accompanied by an increase in the population growth rate gives a distinctly di!erent transition pattern, and is an example for transition path (B) in Fig. 1b . In contrast to Figs. 2 and 3 where the stock of knowledge overshoots during the transition, it now declines monotonically, while the stock of capital now overshoots its long-run response. Capital is being accumulated during the early and middle stages of transition and then decumulated during the latter stages of the transition. As in Figs. 2a and 3a, the productivity shock to the "nal output sector induces an initial reduction in investment in knowledge and increase in investment in capital. As k increases and a declines, the productivity of knowledge rises, but now by an insu$cient amount to o!set the higher population growth rate, so that a declines monotonically. Likewise, the accumulation of capital reduces the productivity of capital such that given the higher population growth rate, it eventually declines as well. The overshooting of capital is associated with an in"nite speed of convergence at that point, for the same reason as just given for knowledge. Moreover, the overshooting of capital leads to overshooting of output, which because of the more rapid adjustment of output, occurs at an earlier stage during the transition (5 y rather than 11).
Productivity increase in knowledge sector
The second group of experiments consists of various parametric changes associated with changes in the productivity of the knowledge sector, ( "1 to ( "2. These shocks are instructive because the transition paths highlight the fundamental novel characteristics of the non-scale model. First we "nd that the transition paths are quite distinct from those obtained when only the productivity of the "nal output sector is changed. This group of simulations provides a particularly instructive example of the signi"cance of two stable roots and the importance of two-dimensional transition paths; namely the asymmetry with respect to speci"c directional changes of the productivity parameter.
The long-run e!ects of an increase in the productivity of the knowledgeproducing sector are summarized in rows 5 and 6 of Table 3 , with the corresponding transitional dynamics being illustrated in Figs. 5 and 6. As for the corresponding shock in the output sector, the equilibrium quantities remain unchanged from the benchmark case. The transition, however, is markedly di!erent from the previous case. Analogous to the productivity shock in the output sector which increased the steady-state stock of capital, we now "nd that the productivity shock in the knowledge sector raises the equilibrium stock of knowledge, a . This causes an initial decline in the fraction of labor devoted to "nal output production, as seen in Fig. 5b . However, now we "nd an additional e!ect. Since the production function for output (4a) implies that an increase in a raises the productivity of physical capital, capital must increase as well, in order for its average product, y /kI , to remain constant. Thus in contrast to a productivity shock in the output sector, an increase in the productivity of the knowledge-producing sector leads to long run increases in the stocks of both knowledge and physical capital, although the increase is heavily biased toward the latter.
The transitional adjustments are markedly di!erent from our previous cases. An increase in the productivity in the knowledge sector causes monotonic adjustment, in contrast to the overshooting during the transition in the case when the productivity in the "nal goods sector rises. The adjustment path when only the productivity of the research sector is increased (Fig. 5a ) serves as an example for a transition from point E in Fig. 1b .
The increase in productivity in the technology sector attracts resources to that sector, so that the growth rate of knowledge initially rises above 8% for knowledge, 4% for output, and 1.5% for capital (Fig. 5c) . The growth rate of capital also rises initially, but at a slower rate than technology, due to the fact that the expansion in capital occurs as a result of the higher stock of knowledge, which takes time to accumulate.
The adjustment in sectoral employment is more direct to this form of productivity shock. The initial boost to productivity in knowledge production induces a shift in labor away from the "nal output sector. The long-run relative increase in knowledge causes the shadow price of capital, q, to rise and this has the opposite e!ect on initial employment. Unlike the technology shock to output, the direct e!ect dominates and we see that on impact drops signi"cantly from 0.94 to 0.89. As capital and knowledge are accumulated, the former attracts Table 4 Variations in returns to scale labor to back to output production, while the latter has the opposite e!ect. The former e!ect dominates and the fraction of labor employed in output gradually increases back to its initial equilibrium level.
To illustrate how di!erent the speed of adjustment might appear, depending upon initial conditions and the direction of the shock, we also report a change in the productivity of research for the case where ( declines from 1 to 0.5. Initially, one might think that halving the productivity would simply imply a reverse transition to doubling it, as in Fig. 5 . But that is not the case Capital overshoots its long-run level (Fig. 6a) and the transition path is now similar to (B) in Fig. 1b . The growth rate of capital rises signi"cantly above its long-run growth rate, and together with output returns nonmonotonically to the equilibrium.
Changes in returns to scale
The responses to the productivity shocks summarized in Table 3 share several important characteristics. First, key aspects of the equilibria do not depend upon the shift terms, $ , ( . This is a manifestation of the non-scale aspects of the models, since, these parameters can be viewed as embodying scale e!ects. The other interesting feature was the examples of drastically di!erent transition paths that involve overshooting on the part of both technology and capital during alternative transition paths. In addition, the asymptotic speed of adjustment is robust to (plausible) changes in the underlying parameters.
Thus far, returns to scale have been held "xed at 1.3 in the case of output, and 1.1 for the production of knowledge. Table 4 considers variations in the degrees of returns to scale. In the "rst case we subject both sectors to mildly diminishing returns to scale, while the second example assumes constant returns to scale in both sectors.
Under constant returns to scale the per capita growth rate is zero, in accordance with Eq. (3c). Decreasing returns imply negative per capita growth rates, but in e!ect positive rates of growth for aggregate technology, capital, and output. Reducing increasing returns to scale through constant returns to scale and then to decreasing returns to scale raises the share of labor in the "nal output sector. As the positive spillover of technology in the production of "nal output is reduced it is less attractive to allocate labor to research. On the other hand, the speeds of convergence are hardly a!ected.
Conclusions
In this paper we have examined the transitional dynamics of a new class of growth model, one characterized by non-scale e!ects. Two issues have motivated our interest in this class of model. First, despite the existence of empirical evidence suggesting technology, capital, and output converged at di!erent rates in the OECD economies, the importance of technology in the convergence process has not been emphasized by previous models. The second aspect is the empirical evidence suggesting the absence of scale e!ects in OECD economies. The structure of non-scale growth models in which technology and capital are both endogenously accumulated solves the scale problem, but raises the dimensionality of the equilibrium dynamic system to a fourth-order system. This allows for more #exible transition paths where capital, output, and technology all grow at di!erent rates.
The transition paths in this two-sector R&D based growth model highlight several important features of non-scale models. First and foremost, the twosector model exhibits speeds of convergence that are in line with empirical observations. Previous endogenous growth models have had to introduce adjustment costs in order to mitigate unreasonably high speeds of convergence; see Ortigueira and Santos (1997) . Second, the higher-order system provides a much richer dynamics for the transition path. Two stable roots, rather than only one as in previous model now determine the speed of adjustment. Hence the transition speed itself is variable both through time and across sectors. This has important implications for the characterization of the transition path, which is now given by a two-dimensional manifold.
The price of the added #exibility of the higher-order dynamic system is that to analyze its dynamics requires the use of numerical simulation methods. Parameter values of generally accepted magnitudes generate surprisingly reasonable results, easily replicating the salient features of advanced economies in terms of consumption-output, capital-output ratios, investment rates, and the share of labor employed in output production versus the production of new knowledge. By considering a range of parameter variations we have shown how the transition path can follow a variety of time patterns, leading to the possible overshooting of capital or knowledge of its long-run response during the transition. One parameter crucial to the dynamics is the intertemporal elasticity of substitution. Higher, but not implausible values of this parameter raise the return to consumption, thus inducing substitution toward consumption and generating non-monotonic investment behavior in the accumulation of either knowledge or capital during the transition (depending upon the shock).
We conclude that this analysis provides a promising start for future work analyzing the dynamics of non-scale economies. The next stage is to decentralize the economy and introduce the distinction between a private and public sector. Even though the steady-state growth rates are independent of government policy, the fact that the rate of convergence is slow, suggests that government policy may nevertheless in#uence growth rates over long periods of time.
